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PICARD SCHEMES OF ACYCLIC SCHEMES
JASON MICHAEL STARR
Abstract. In his work extending rational simple connectedness to schemes
with higher Picard rank, Yi Zhu introduced hypotheses for schemes insuring
that the relative Picard functor is representable and is e´tale locally constant
with finite free stalks. We give examples showing that one cannot eliminate
any of the hypotheses and still have a representable Picard functor that is
locally constant with finite free stalks. We also prove that the hypotheses are
compatible with composition and with hyperplane sections.
1. Acyclic Schemes
The acyclic schemes have relative Picard functors that are representable and that
are e´tale locally constant with stalks being finite free Abelian groups. This class
includes smooth, rationally connected varieties in characteristic 0, as well as mildly
singular specializations of these schemes. For this class of schemes, the Abel maps
of [dJHS11] and [Zhu] exist and have good properties. This note proves some basic
properties of these schemes. After reviewing Zhu’s theorem about the relative
Picard functor of acyclic schemes, Proposition 1.5, in the next section we present
several examples showing that if any of the hypotheses in Definition 1.3 is removed,
then Proposition 1.5 fails. The compatibilities are Proposition 2.6, compatibility of
Definition 1.3 with composition, Corollary 3.3, compatibility of Definition 1.3 with
ample hypersurfaces, Corollary 4.5, the application of Corollary 3.3 to a universal
family of hypersurface sections, and Corollary 5.4, the iteration of Corollary 4.5 for
a universal family of complete intersections of hypersurface sections.
Definition 1.1. Let r ≥ 0 be an integer. A projective, fppf morphism, f : X → T ,
is r-acyclic for the structure sheaf if for every T -scheme T ′ and base change mor-
phism f ′ : X ′ → T ′, the induced morphism OT ′ → Rf
′
∗OX′ is a quasi-isomorphism
in all degrees ≤ r. The morphism is O-acyclic if it is r-acyclic for every r ≥ 0.
Remark 1.2. Every projective, fppf morphism is locally on the target the base
change of a projective, fppf morphism of Noetherian schemes. If T is Noetherian,
then f is r-acyclic if and only if for every geometric point t of T , κ(t)→ H0(Xt,OXt)
is an isomorphism and hq(Xt,OXt) equals 0 for every 0 < q ≤ r by Cohomology
and Base Change, [Har77, Theorem III.12.11].
Definition 1.3. [Zhu, Definition 2.10] A projective morphism f : XT → T is
weakly acyclic, resp. acyclic, if
(i) f is fppf,
(ii) every Xt is LCI and codimXt(Sing(Xt)) is ≥ 3, resp. is ≥ 4,
(iii) Xt is 2-acyclic for the structure sheaf, and
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(iv) Xt is algebraically simply connected.
The acyclic locus, resp. weakly acyclic locus, is the maximal open subscheme T o ⊂ T
such that XT ×T T
o → T o is acyclic, resp. weakly acyclic.
Proposition 1.4. [Gro03, Proposition X.1.2] For every proper, fppf morphism f :
XT → T whose geometric fibers are reduced, the finite part of the Stein factorization
is e´tale over T .
Proof. By limit theorems, it suffices to prove the result when T is a Noetherian
scheme (even finitely presented over Spec Z). The finite part of the Stein factoriza-
tion is a finite morphism to T . To prove that it is e´tale, it suffices to prove that it
is formally e´tale, e.g., it suffices to prove that it is formally e´tale after base change
to the strictly Henselized local ring OshT,t for every t in T . The Stein factorization
is compatible with flat base change of T . Thus, without loss of generality, assume
that T equals Spec OshT,t. By [Gro67, Proposition 18.5.19], it suffices to consider
the case that Xt is connected. Since Xt is connected, projective, and reduced over
the algebraically closed field κ(t), the natural homomorphism κ(t)→ H0(Xt,OXt)
is an isomorphism. Thus, the composition,
κ(t)
f#t−−→ f∗OXT ⊗OT κ(t)→ H
0(Xt,OXt),
is an isomorphism. By Cohomology and Base Change, cf. [Har77, Theorem
III.12.11], the following natural homomorphism is an isomorphism,
f# : OT → f∗OXT .
Thus, the Stein factorization is an isomorphism, hence it is formally e´tale. 
Proposition 1.5. [Zhu, Proposition 2.9] For every weakly acyclic morphism, and
even for morphisms that become weakly acyclic after base change by an e´tale cover
of T , the relative Picard functor of XT /T is representable, and it is e´tale locally
constant with finite free stalks.
Proof. This is a review of the proof in [Zhu]. By limit theorems, it suffices to prove
the result when T is a Noetherian scheme (even finitely presented over Spec Z) and
f is weakly acyclic. By Proposition 1.4, the finite part T ′ of the Stein factorization
of f is finite and e´tale over T . The relative Picard functor of XT /T is the restriction
of scalars relative to T ′/T of the relative Picard functor of XT /T
′. Thus, it suffices
to prove the result for XT /T
′. Thus, without loss of generality, assume that the
geometric fibers of f are connected. By Hypothesis (ii), the geometric fibers are
integral.
Because f is projective and flat with integral geometric fibers, the relative Picard
functor is representable and equals a union of open and closed subschemes that
are quasi-projective over T , cf. [Gro62, Theorem 3.1, no. 232-06]. By Hypothesis
(iii), the relative Picard functor is formally unramified and formally smooth over
T . Thus, it is formally e´tale over T . Since the Picard functor is representable and
locally finitely presented over T , it is e´tale over T .
Since the open and closed quasi-projective schemes are e´tale over T , they are finite
over T if and only if they are proper over T . To prove properness, it suffices to
verify the valuative criterion of properness. Thus, assume that T is Spec OT for a
DVR OT . Let Lη be an invertible sheaf on the generic fiber Xη of f . Denote by
XT,sm ⊂ XT the smooth locus of f . Since Xη is projective, Lη comes from a Cartier
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divisorD onXη. SinceXT,sm is regular, the Cartier divisorD onXη∩XT,sm extends
to a Cartier divisor on XT,sm. Thus, the invertible sheaf extends to an invertible
sheaf on the open subscheme U = Xη∪XT,sm. Since XT is normal, the pushforward
of this invertible sheaf from U is a torsion-free coherent sheaf L that is S2. Denote
by V ⊂ XT the maximal open subscheme on which L has rank ≤ 1.
For a generic point x ∈ XT of the complement of V , the stalk of L at x has rank
≥ 2. Since x is in the closed fiber and in the complement of the smooth locus, x
has codimension ≥ 3 in the closed fiber, hence codimension ≥ 4 in XT . Since XT
is a local complete intersection scheme, by [Gro68, The´ore`me XI.3.13], the local
ring OXT ,x is parafactorial. Thus, the stalk of L at x is locally free of rank 1.
This contradiction proves that V is all of XT , i.e., L is an invertible sheaf on XT .
Therefore, by the valuative criterion of properness, for every Noetherian scheme T
and for every fppf projective morphism f : XT → T satisfying Hypotheses (i)-(iv),
the relative Picard function is representable and equals a union of open and closed
subschemes, each of which is finite, e´tale over T .
For every point t of T , the geometric Picard group of Xt is finitely generated by
the theorem of the base, [BGI71, The´ore`me XIII.5.1]. By Hypothesis (iv), the
geometric Picard group is torsion-free. Thus, it is finite free of some rank r ≥ 1.
Define Tr, resp. T≥r, to be the subset of T over which the geometric Picard group
is finite free of rank r, resp. of rank ≥ r.
Let r0 be an integer, and let t ∈ T≥r0 be a point of rank r ≥ r0. The e´tale stalk
at t of the Picard functor is generated by the images of finitely many of the finite,
e´tale, open and closed subschemes of the relative Picard scheme. The image under
f of each of these is an open and closed subscheme of T that contains t. The
intersection of these finitely many open and closed subscheme of T is an open and
closed subscheme of T that contains t. For every geometric point of this open and
closed subscheme, the rank is ≥ r. In particular, the rank is ≥ r0. Thus, each
subset T≥r0 ⊂ T is open, and it is a union of open subsets that are both open and
closed.
Since T is Noetherian, there are only finitely many irreducible components. Thus,
there are also finitely many connected components. The subset Tr contains the
unique connected component of T that contains t. Thus, also every subset Tr is
an open subset of T . The restriction of the relative Picard functor over Tr is e´tale
locally constant with finite free stalks of rank r. 
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2. Examples and Composition
Example 2.1. Let Q ⊂ P3 be a smooth quadric surface. For T equal to A1, for
XT the reduced closed subscheme of T ×P
3 whose intersection with Gm×P
3 equals
Gm × Q and whose fiber over 0 ∈ T equals all of P
3, then f satisfies Hypotheses
(ii), (iii), and (iv), yet the morphism is not flat. The relative Picard functor is
representable and e´tale over T , but it fails the valuative criterion of properness.
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Example 2.2. For every integer r ≥ 2, for T equal to A1, and for XT a specializa-
tion of the image of the Segre embedding, σ : Pr × Pr → Pr
2+2r, to a cone over a
smooth hyperplane section of σ(P2×P2), Hypotheses (i), (iii), and (iv) are satisfied,
and the fibers are smooth in codimension ≤ 2, yet the fibers are not local complete
intersections, and the relative Picard scheme is not e´tale locally constant. More
precisely, the relative Picard scheme is separated and e´tale over T , but it fails the
valuative criterion of properness.
Example 2.3. For T equal to A1 and for XT a specialization in P
3 of a smooth
quadric hypersurface to a quadric hypersurface with an ordinary double point,
Hypothesis (i), (iii), and (iv) are satisfied, and the fibers are local complete inter-
sections, yet the special fiber is singular at a point of codimension 2. The relative
Picard scheme is not proper over T .
Example 2.4. For a family of supersingular Enriques surfaces over a smooth
scheme T in characteristic 2, Hypotheses (i), (ii), and (iv) are satisfied, yet Hy-
pothesis (iii) fails. The relative Picard functor is representable and e´tale locally
constant over T . Yet the relative Picard functor is not smooth over T : the con-
nected component of the identity is α2.
Example 2.5. For a family of Enriques surfaces over a smooth scheme T in char-
acteristic 0, Hypotheses (i), (ii), and (iii) are satisfied, yet Hypothesis (iv) fails.
The relative Picard functor is representable and e´tale locally constant over T . Yet
the stalks have Z/2Z-torsion.
Proposition 2.6. Let g : Y → X and f : X → T be projective, fppf morphisms
whose geometric fibers are integral. The composition f ◦ g is a projective, fppf
morphism whose geometric fibers are integral. If both g : Y → X and f : X → T
are r-acyclic, resp. acyclic, weakly acyclic, then so is the composition f ◦g : Y → T .
Proof. By limit theorems, it suffices to prove the case when T is Noetherian. A
composition of projective, fppf morphisms is a projective, fppf morphism. For each
geometric point t of T , the fiber Xt of f is integral. Denote by η the generic point.
The morphism gt : Yt → Xt is projective and flat. Thus, for every nonempty open
affine U ⊂ Yt, U intersects the generic fiber Yt,η = g
−1
t (η). Since OYt(U) is OT -flat,
the induced morphism OYt(U) → OYt,η (U ∩ Yt,η) is injective. Since the geometric
fibers of g are integral, the fiber Yt,η is integral. Since OYt(U) is a subring of an
integral domain, also OYt(U) is an integral domain. Therefore Yt is integral. So
the geometric fibers of f ◦ g are integral.
A composition of flat, LCI morphisms is a flat, LCI morphism, cf. the proof
of [Ful84, Proposition 6.6(c)] (Fulton works with global embeddings in smooth
schemes, but the diagram in the proof also proves the result in the local case).
With notation as in the previous paragraph, if Sing(Xt) has codimension ≥ c in
Xt, then also g
−1
t (Sing(Xt)) has codimension ≥ c in Yt, since gt is flat. If the sin-
gular locus of the morphism gt has codimension ≥ c in every fiber of gt, then it has
codimension ≥ c in Yt. Then the union of the singular locus of gt and g
−1(Sing(Xt))
has codimension ≥ c in Yt. On the open complement of this union, f ◦ g is a com-
position of smooth morphisms, hence it is smooth. Thus, the singular locus of Yt is
contained in this union, so that the singular locus of Yt has codimension ≥ c in Yt.
Finally, if the geometric fibers of gt are algebraically simply connected, and if Xt is
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algebraically simply connected, then also Yt is algebraically simply connected, cf.
[Gro03, Corollaire IX.6.11].
Thus, to prove that f ◦ g is acyclic, resp. weakly acyclic, it suffices to prove that
it is 2-acyclic for the structure sheaf. For projective, fppf morphisms f and g that
are r-acyclic, consider the Leray spectral sequence,
Ep,q2 = H
p(Xt, R
q(gt)∗OYt)⇒ H
p+q(Yt,OYt).
Since g is r-acyclic, and since gt is a base change of g, also gt is r-acyclic. Thus,
(gt)∗OYt equals OXt , and R
q(gt)∗OYt is the zero sheaf for 0 < q ≤ r. Thus, for
every integer s with 0 ≤ s ≤ r, the only nonzero terms in the spectral sequence
with p+q = s are when q equals 0 and p equals s, i.e., Es,02 = H
s(Xt,OXt). Since f
is r-acyclic, this equals 0 unless s = 0, in which case it equals H0(Xt,OXt) = κ(t).
Thus, Hs(Yt,OYt) equals 0 for 0 < s ≤ r, and the natural map κ(t)→ H
0(Yt,OYt)
is an isomorphism. So f ◦ g is also r-acyclic for the structure sheaf. 
3. Hyperplane Theorems
The following lemma in characteristic zero follows by the Kawamata-Viehweg Van-
ishing Theorem.
Lemma 3.1. Let K be a field. Let f : X → T be a proper, fppf morphism of finite
type K-schemes of relative dimension n. Let Y ⊂ X be an effective Cartier divisor
that is T -flat and f -ample. If X is smooth over K, then T is smooth over K, and
every fiber of f is LCI. If, moreover, char(K) equals 0, and if n ≥ r + 2, then
Hq(Xt,OXt(−Y t)) is zero for every q = 0, . . . , r+1. Thus, if f is r-acyclic for the
structure sheaf, then also f |Y : Y → T is r-acyclic for the structure sheaf.
Proof. Since X is K-smooth and since f is flat, also T is K-smooth, [Gro67, Propo-
sition 17.7.7]. For a flat morphism from an LCI scheme to a regular scheme, every
fiber is LCI. In particular, every fiber is Gorenstein.
The relative dualizing sheaf of f is
ωX/T ∼= ωX/K ⊗OX f
∗ω∨T/K .
The dualizing sheaf of each fiber is the restriction of ωX/T .
Now assume that char(K) equals 0, and assume that X is smooth over K. By
the Kawamata-Viehweg Vanishing Theorem, [KMM87, Theorem 1.2.3, p. 306], for
every q > 0, Rqf∗ωX/T (Y ) is zero. Thus, for every geometric point t of T , for every
q > 0, Hq(Xt, ωXt(Y t)) is zero by Cohomology and Base Change, [Har77, Theorem
III.12.11]. By Serre duality, also Hq(Xt,OXt(−Y t) is zero for every q < n.
For the short exact sequence
0→ OXt(−Y t)→ OXt → OYt → 0
the long exact sequence of cohomology gives
Hq(Xt,OXt(−Y t))→ H
q(Xt,OXt)→ H
q(Yt,OYt)→ H
q−1(Xt,OXt(−Y t)).
Thus, for every q ≤ n− 2, the restriction map is an isomorphism,
Hq(Xt,OXt)
∼=
−→ Hq(Yt,OYt).
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Since r ≤ n− 2, also Hq(Yt,OYt) is zero for q = 1, . . . , r. Also, the composition
OT ⊗OT κ(t)→ f∗OX ⊗OT κ(t)→ f∗OY ⊗OT κ(t)→ H
0(Yt,OYt)
is an isomorphism. Thus, once again using Cohomology and Base Change, for
arbitrary T ′, also Rqf ′∗OY ′ is zero for q = 1, . . . , r, the natural map OT ′ → f
′
∗OY ′
is an isomorphism. 
Proposition 3.2. [Gro68] Let f : X → T be a proper, fppf morphism of Noetherian
schemes of pure relative dimension n. Let Y ⊂ X be an effective Cartier divisor
that is T -flat and f -ample. For every geometric point t of T , denote Xt, resp. Yt,
the corresponding fiber of X, resp. Y .
(i) If n ≥ 2, if Xt is integral and satisfies Serre’s condition S3, and if codimYt(Sing(Yt)) ≥
2, then Yt is integral and normal.
(ii) If n ≥ 3 and if Xt is LCI with codimXt(Sing(Xt)) ≥ 3, then π
alg
1 (Yt) →
πalg1 (Xt) is an isomorphism.
(iii) If n ≥ 4, if T is a finite type scheme over a characteristic 0 field K, if X
is smooth over K, and if codimXt(Sing(Xt)) ≥ 4, then Pic(Xt) → Pic(Yt)
is an isomorphism.
Proof. (i) Since Xt satisfies S3, also Yt satisfies S2. Since Yt is regular at every
codimension 0 and codimension 1 point, Yt is normal by Serre’s Criterion [Gro67,
The´ore`me 5.8.6]. Finally, by [Gro68, Corollaire XII.3.5], Yt is connected. Thus Yt
is integral.
(ii) By the Purity Theorem, [Gro68, The´ore`me X.3.4(ii)], Xt is pure and of depth
≥ 3 at every closed point. By the Lefschetz Hyperplane Theorem for e´tale funda-
mental groups, [Gro68, Corollaire XII.3.5], the natural homomorphism πalg1 (Yt)→
πalg1 (XT ) is an isomorphism.
(iii) By Lemma 3.1, Hq(Xt,OXt(−dY t) is zero for all d > 0 and q = 1, 2. By
Grothendieck’s proof of Samuel’s Conjecture, [Gro68, The´ore`me XI.3.13(ii), Corol-
laire XI.3.14], the scheme Xt is parafactorial, and even factorial. By the Lefschetz
Hyperplane Theorem for Picard groups, [Gro68, Corollaire XII.3.6], the restriction
on Picard groups is an isomorphism. 
Corollary 3.3. Let K be a characteristic 0 field, and let f : X → T be a proper,
fppf morphism of K-schemes of pure dimension n. Let Y ⊂ X be an effective
Cartier divisor that is T -flat and f -ample. If n ≥ 4, if X is smooth over K, if
codimYt(Sing(Yt)) ≥ 4 for every geometric point t of T , and if f is acyclic, then
also f |Y : Y → T is acyclic. Moreover, the restriction morphism of e´tale group
schemes, PicX/T → PicY/T , is an isomorphism.
Proof. By Proposition 1.4, the finite part of the Stein factorization of f is finite
and e´tale over T . Up to replacing T by this finite, e´tale cover, assume that f has
integral geometric fibers.
By hypothesis, f |Y : Y → T is flat. By Proposition 3.2(i), the geometric fibers
are integral. By Lemma 3.1 and by Proposition 3.2(ii), Definition 1.3(ii) and (iv)
hold. By Lemma 3.1, Definition 1.3(iii) holds. Finally, by Proposition 3.2(iii),
the restriction morphism of Picard schemes is an isomorphism on geometric fibers.
Since this is a morphism of e´tale T -schemes, the restriction morphism is e´tale. Since
it is also bijective on geometric points, it is an isomorphism. 
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4. Families of Hypersurfaces
Let X → T , C → T , and C → G be fppf morphisms.
Lemma 4.1. Assume that the schemes above are finite type over a field K, and
assume that the morphisms are K-morphisms. If X is smooth over K, and if C → T
is smooth, then also X×T C is smooth over K. If char(K) equals 0, then there exists
a dense open subset W ⊂ G such that the morphism X×T C×GW →W is smooth.
Proof. Since C → T is smooth, also X ×T C → X is smooth. Since X is smooth
over K, also X ×T C is smooth over K. If char(K) equals 0, then by the Generic
Smoothness Theorem, cf. [Har77, Corollary III.10.7], there exists a dense open
subset W ⊂ G such that X ×T C ×G W →W is smooth. 
Notation 4.2. Let T be a Noetherian scheme of pure dimension m. Let XT ⊂ P
r
T
be a closed subscheme such that p : XT → T is flat of pure relative dimension
n ≥ 1. Denote by XsmT ⊂ XT the open subscheme on which p is smooth.
By [SGA73, Expose´ XV, Corollaire 1.3.4], there exists an open subscheme XodpT ⊂
XT consisting of points of geometric fibers where either p is smooth or else has an
ordinary double point.
Definition 4.3. The smooth locus of p, T sm, is the open complement in T of
p(X \XsmT ). Similarly, the ordinary locus of p, T
odp ⊂ T , is the open complement
of p(X\XodpT ), i.e., the maximal open subscheme of T over which p has geometrically
reduced fibers that are either smooth or else admit (at worst) finitely many ordinary
double points. Over the open T odp, the morphism X \ XsmT → T is finite. The
Lefschetz locus, T Lef, is the maximal open subscheme of T odp over which this finite
morphism is a closed immersion. Thus, over T Lef, every geometric fiber is either
smooth or else it is reduced with a single ordinary double point.
Denote by Pr(t) ∈ Q[t] the numerical polynomial such that Pr(s) equals
(
r+s
r
)
for every integer s ≥ −r. For each integer d ≥ 1, the projective space PNdT =
Hilb
Pr(t)−Pr(t−d)
P
r
T
/T parameterizes degree d hypersurfaces H ⊂ P
r.
Definition 4.4. The degenerate locus or dual locus, XˇT , is the closed subset of
P
Nd
T whose geometric points relative to Spec κ → T , parameterize hypersurfaces
H ⊂ Prκ for which H ∩Xκ is not a smooth κ-scheme of dimension n− 1, i.e., either
it has an irreducible component of dimension ≥ n or else it is singular. The badly
degenerate locus, F1 ⊂ XˇT , is the closed subset such that H ∩Xκ either (i) has an
irreducible component of dimension ≥ n, (ii) it is nonreduced, or (iii) it is reduced
of dimension n, yet it has worse than a single ordinary double point singularity.
For the universal family of hypersurface sections of XT over P
Nd
T , say Y → Pˇ
r
T ,
the degenerate locus, resp. the badly degenerate locus, is the union of the non-flat
locus with the closed complement of (PˇrT )
sm, resp. (PˇrT )
Lef, as defined in Definition
4.3. Thus, the degenerate locus and the badly degenerate locus are closed subsets.
Corollary 4.5. Let K be a field. With notations as above, assume that T is a finite
type K-scheme, and assume that XT is smooth over K. Then XPNd := XT ×T P
Nd
T
is smooth over K. Also the universal hypersurface, Y ⊂ X
P
Nd as above, is smooth
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over K. If char(K) equals 0, if XT /T is acyclic, and if n ≥ 4, resp. if n ≥ 5, then
the restriction of Y over PNdT \ XˇT , resp. over P
Nd
t \ F1, is acyclic. Also over this
(respective) open subset, the natural morphism from the pullback of PicXT /T to the
relative Picard scheme of Y is an isomorphism.
Proof. By Lemma 4.1, X
P
Nd is smooth over K. The same method proves that Y is
smooth over K: the projection Y → X
P
Nd is a projective space bundle. If n ≥ 4,
then the hypotheses of Corollary 3.3 are satisfied for Y → PNdT over P
Nd
T \ XˇT .
If n ≥ 5, then over PNdT \ F1, the fibers of Yt have singular locus of codimension
n− 1 ≥ 4, so the hypotheses are satisfied over PNdT \ F1. 
Proposition 4.6. [SGA73, Expose´ XVII, The´ore`me 2.5] Assume that TLef equals
all of T , and assume that T sm is a dense open subset of T . Then for every d ≥ 2,
every irreducible component of XˇT , resp. of F1, has codimension ≥ 1, resp. ≥ 2,
in PNdT . In characteristic 0 this also holds with d = 1.
Proof. The statement over T sm follows directly from loc. cit. By hypothesis, every
component of the singular locus, ∆ := T \ T sm, has codimension ≥ 1 in T . The
inverse image of ∆ in PNdT has codimension 1. For each geometric point Spec κ→ ∆,
since this is a point of T Lef, the corresponding fiber Xκ has a single ordinary double
point x. Inside PNdκ , the set parameterizing H with x ∈ H is a proper closed
subset, hence has codimension ≥ 1. In total, the locus in ∆×T P
Nd
T parameterizing
H containing a singular point of p is a subset of codimension ≥ 2. Thus the
proposition over all of T is reduced to the proposition over T sm. 
5. Families of Complete Intersections
Let XT → T be an fppf morphism of pure relative dimension n.
Notation 5.1. Let b be an integer with 1 ≤ b ≤ n, let (ιj : XT →֒ P
rj
T )1≤j≤b be an
ordered b-tuple of closed immersions with associated very ample invertible sheaves
Aj = ι
∗
jOPrj
T
(1). Let d = (d1, . . . , db) be an ordered b-tuple of integers di ≥ 1. For
each j = 1, . . . , b, denote by Vj(dj) the free OT -module H
0(P
rj
T ,OP
rj
T
(dj)). Denote
by V (d) the direct sum V1(d1) ⊕ · · · ⊕ Vb(db) as a free OT -module. Denote by
PTV (d) the projective space over T on which there is a universal ordered b-tuple
(φ1, . . . , φb) of sections of the invertible sheaves OPrj (dj). Precisely, for the product
P = PTV (d)×T (P
r1
T × . . .P
rb
T )
with its projections
pr0 : P → PTV (d) and prj : P → P
rj
T ,
the sequence (φ1, . . . , φb) is a universal homomorphism of coherent sheaves
pr∗1OPr1
T
(−d1)⊕ · · · ⊕ pr
∗
bOPrb
T
(−db)→ pr
∗
0OPTV (d)(1),
or equivalently, a universal homomorphism of coherent sheaves,
(φ1, . . . , φb) : pr
∗
0OPTV (d)(−1)⊗
(
pr∗1OPr1
T
(−d1)⊕ · · · ⊕ pr
∗
bOPrb
T
(−db)
)
→ OP .
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For the diagonal closed immersion ι = (ι1, . . . , ιb) of XT into P
r1
T ×T · · · ×T P
rb
T ,
for every j = 1, . . . , c, there is an associated homomorphism of coherent sheaves on
PTV (d)×T XX ,
ι∗φj : pr
∗
0OPTV (d)(−1)⊗O pr
∗
1ι
∗
jOP
rj
T
(−dj)→ OPTV (d)×TXT .
Definition 5.2. Define Yj to be the Cartier divisor on PTV (d)×T XT whose ideal
sheaf is the image of ι∗φj . For every j = 0, . . . , b, define the closed subscheme
Xj ⊂ PTV (d)×T XT recursively by
X0 = PTV (d)×T XT and Xj = Yj ∩Xj−1
for every j = 1, . . . , b. Define two sequences of open subsets
PTV (d)
sm
b ⊂ PTV (d)
sm
b−1 ⊂ · · · ⊂ PTV (d)
sm
2 ⊂ PTV (d)
sm
1 ⊂ PTV (d)
sm
0 = PTV (d),
respectively,
PTV (d)
Lef
b ⊂ PTV (d)
Lef
b−1 ⊂ · · · ⊂ PTV (d)
Lef
2 ⊂ PTV (d)
Lef
1 ⊂ PTV (d)
Lef
0 = PTV (d),
where for i = 1, . . . , b, PTV (d)
Lef
i , resp. PTV (d)
sm
i , is the maximal open subset
such that for every j = 0, . . . , i,
(i) Xj ×PTV (d) PTV (d)i → PTV (d)i is flat of relative dimension n− j,
(ii) the geometric fibers are reduced, and
(iii) every geometric fiber has, at worst, a single ordinary double point and no
other singularities, resp. every geometric fiber is smooth.
By construction PTV (d)
sm
i is an open subset of PTV (d)
Lef
i .
Notation 5.3. For each i ≥ 1, denote by Xˇi−1 the relative complement of PTV (d)
sm
i
in PTV (d)
Lef
i−1. Denote by Fi−1 the relative complement of PTV (d)
Lef
i in PTV (d)
Lef
i−1.
Note that on PTV (d)
Lef
i−1 there is a well-defined morphism Φi−1 : PTV (d)
Lef
i−1 →
PTV (d1, . . . , di−1) that is flat. In fact the image is the corresponding open
PTV (d1, . . . , di−1)
Lef
i−1,
and the morphism Φi−1 to its image is Zariski locally on the image isomorphic to
the vector bundle V (di, . . . , db)×T PTV (d1, . . . , di−1)
Lef
i−1.
Corollary 5.4. If the characteristic is not 0, assume that every di ≥ 2. With
the same hypotheses as in Proposition 4.6, for i = 1, . . . , b, the closed subset Fi−1
has codimension ≥ 2 in PTV (d)
Lef
i−1. The complement of PTV (d)
Lef
b in PTV (d) has
codimension ≥ 2. If p has connected geometric fibers and if n ≥ b + 1, resp. if
n ≥ b + 2, then every geometric fiber of pr2 is connected, resp. is normal and
irreducible,
pr2 : Xb ×PTV (d) PTV (d)
Lef
b → PTV (d)
Lef
b .
Finally, if char(K) equals 0, if XT is smooth over K, if XT /T is acyclic, and if
n ≥ b + 4, then Xb ×PTV (d) PTV (d)
Lef
b is smooth over K, the morphism pr2 above
is acyclic, and the natural map from PicXT /T to the relative Picard scheme of pr2
is an isomorphism.
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Proof. The first assertion follows from Proposition 4.6 applied to the restriction
over PTV (d)
Lef
i−1 of the morphism Xi−1 → PTV (d). Thus, by induction on i, for
every i = 0, . . . , b, the closed complement of the open subset PTV (d)
Lef
i in PTV (d)
has codimension ≥ 2.
Assuming that n ≥ b + 1, connectedness of the fibers of Xi ×PTV (d) PTV (d)
Lef
i →
PTV (d)
Lef
i for i = 1, . . . , b is proved by induction on i using [Gro68, Corollaire 3.5,
Expose´ XII] for the induction step. If n ≥ b+2, then the geometric fibers of Xb are
connected, projective schemes of pure dimension n− b ≥ 2 that are either smooth
or else have a single ordinary double point. In particular, the geometric fiber is a
local complete intersection scheme that is regular away from codimension ≥ 2. By
Serre’s Criterion, [Gro67, The´ore`me 5.8.6], the geometric fiber is normal. Since it
is also connected, it is irreducible.
The acyclic hypothesis follows from Corollary 4.5 and induction on b. 
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